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TECHNICAL NOTE 2905

A RAPTD METHOD FCOR USE IN DESIGN OF TURBINES WITHIN

SPECIFIED AERODYNAMIC LIMITS

By Richard H. Cavicchi and Robert E. English

SUMMARY

A method is presented for the rapid determination of design velocity
diagrams of turbine stages within specifled serodynamic limits. This
method facilitates the selection of the number of turbine stages, the
determination of the necessary proximity of staging operation to design
limits, and the selection of optimum work division between or among the
stages for any given application. For convenlence, the method is pre-
sented in both chart and tebular form. Aerodynamic limits on design were
built into the method to render it suitable for analyzing turbine stages
of the following types: (1) Last stage limited by zero change in magni-
tude of relative velocity across rotor at hub radius and with zero exit
whirl, or by specified entrance relative Mach number at hub radius and
with zero exit whirl; and (2) stage other than the last limited by speci-
fied Mach numbers at hub radius relative to rotor entrance and relative
to following stator and by amount of turning in rotor.

Several examples are included to illustrate in detaill the use of the
method. It 1s Intended that this method be used primarily for sketching
out a turbine design with a minimum expenditure of time and effort. The
details of the derivations of the charts and tables are also included.

INTRODUCTION

Some of the most important preliminary considerations in the design
of the turbine component of an aircraft turbojet engine are the selection
of the number of stages, the proximity of stage operation to the design
limits, and the selection of optimum work division between or among the
stages. The choice of the number of stages should be such that the tur-
bine can drive the compressor and operate within certain aerodynamic
limlits imposed upon the turbine design. For designs within such aero-
dynamic limits, there exists the problem of determining the maximum work
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capacities associated with turbines of one, two, or three stages, or,
alternatively, of determining for a specified turbine work output the
minimim leaving loss which can be employed for a given mumber of stages.

A rapid and moderately accurate method for obtaining answers to
these design questions is needed. At present there are several methods
for estimating the work outputs of a turbine stage for various design
conditions, one example of which is shown in reference 1. This refer-
ence, the analysis of which is based upon one-dimensional flow theory,
presents a graphic triasl-and-error method for estimating the work output
of a turbine stage. Once the value of the work output of a stage has
been established, this reference provides a method for making a specific
design chart for the stage to aid in the study of the relations among
the turbine aerodynemic paremeters. The method of this reference, how-
ever, is best suited for a different problem from those posed in connec-
tion with the present study.

In order to furnish information readily on the design characteris-
tics of turbines within specified aerodypamic limits, a method was
evolved at the NACA Lewis laboratory which embodies certain preselected
design parameters. With this method, a turbine design which can satisfy
its requirements while operating within specified serodynamic design
limits can be roughed out rapidly. This report presents this method in
both charts and tables along with their derivations and describes in

detall their use in preliminary design of turbines.

Several combinations of the following design limits were selected
in the production of the charts and tables:

(1) Specified axial component of exit critical velocity ratio

(2) Zero change in magnitude of relative velocity of gas across a
rotor-blade row

(3) Low magnitude of exit tangential velocity from last rotor-blade
row

(4) Specified maximum relative Mach number at entrance to any blade
Tow

(5) Specified maximum turning of gas by rotor-blade row

These design limits were postulated in order that the method be suitable
for analyzing turbine stages of the following types:
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Chart I and teble I:

(1) Last stage limited by zero change in magnitude of relative
velocity of gas at hub radius and zero exit whirl

(2) Last stage limited by rotor-entrance relative Mach number at
b radius and zero exit whirl

Chart II and teble II:

Stage other than the last limited by hub radius Mach numbers rela-
tive to rotor entrance and relative to following stator and by
amount of turning of gas through rotor

ANATYSTS AND PREPARATION OF CHARTS AND TABLES
Assumptions

The symbols used in this-report are listed in sppendix A. The
following assumptions were made to simplify the analysis:

(1) simplified radial equilibrium

(2) Angular momentum per unit mass which is constant along a radial
line (free vortex)

(3) At mean radius, pVyA 1is constant across rotor

(4) No radial variation in stagnation state relative to stator
(5) Hub and mean radii constant in value from entrance to exit
(6) Constent value of 4/3 for the ratio of specific heats

Assumption (5) is exact for a straight anmilus. For a diverging anmilus
with constant tip diameter, it is conservative (with respect to Mach
number, reaction, and turning) at the hub radius, which is the most
critical section. The value of 4/3 for the ratio of specific heats was
selected as an average for the range of gas temperatures used in current
gas turbines. As will be discussed later, the value chosen for the ratio
of specific heats has a negligible effect on the results obtained.

Factors Affecting Maximum Stage Work
One of the design limitations bullt into chart I and table I is

that of zero change in the magnitude of the relative velocity of gas
across the rotor at the hub radius, that is, (W /Wa)p = 1. A typlcal
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velocity diasgram, the numbering system of which is applicable to any
stage, is presented in figure 1. This design selection, (Wl/Wz)h =1,

is similar to the commonly used impulse design, which connotes zero
change in static pressure across the blade row. In fact, these two -
types of design are identical for isentropic expansion. In general, a
rise in static pressure across a blade row is avolded because of possible
separation of flow and concomitant poor performance. It can be shown
that for nonisentropic flow the limitation of zero velocity change yilelds
a drop in static pressure across the blade row, the magnitude of which
depends on the efficiency. Thus, in practice, this design limitation is
somewhat more conservative than the impulse limitation.

The relative Mach number of the gas entering a blade row is likewise
one of the main limitations used in the charts and tebles. With pro-
gressively higher relative Mach numbers at the entrance to a blade row
the theoretical work caepacity of the row is increased; however, the
tendency for local separation of flow also increases, as does the drag.
An optimum entrance relative Mach number has not yet been determined.

The entrance relative Mach number is highest and thus most critical at
the hub radius.

For a last-stage rotor it is advisable to design for as low & value
of the magnitude of the tangential component of the exit absolute velocity -
as possible, if no means is to be provided for utilizing the kinetic
energy associated with this component of velocity. In stages other than
the last stage of a mmltistage turbine, relatively high values of this
paraemeter can be tolerated because of utilization of the energy associ-
ated with this parameter in subsequent staging. As a consequence, a
greater proportion of the total work of a turbine can be extracted from
stages other than the last.

An additional parameter to be considered is the -axial component of
exit critical velocity ratio (Vx/aér)z at the exit of a last stage or
single stage. When the value of this parameter reaches unity for the
condition of zero exit whirl, the anmlus is passing its maximum weight
Tlow. At a value of 0.7 for the exit axial velocity ratio, a margin of
about 10 percent in the weight-flow capacity exists; that 1s, the weight
flow can be increased by 10 percent before the anmilus chokes.

The turning angle of the gas flow through a blade row, as in the
case of Mach number, is believed to have an upper limit for good turbine
performance. A value of 120° for this parameter was arbitrarily selected
for use in this report. For a rotor, the turning angle is most critical
at the hub radius.
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Analytical Basis for Charts, Tables, and Figures

Throughout this report the work output is presented in the nondimen-
sional form -gJAh'/UE, where the negative sign is indicative of a drop

in enthalpy. This ratio, referred to as the stage-work parameter, 1s
merely half the reciprocal of the square of the blade-tip to Jet speed
ratio.

Another parameter presented in the charts and tdbles herein is the
isentroplic anmuler area ratio (An/A;)g. This paremeter is the ratio of

the anmilar area behind the rotor to that shead of the rotor with the
assumption of isentropic flow and is defined by the following equation:

"
Ap Az (P2
n ) = a2\ o (ClZ)
1/s 1 \P1/nm

In appendix B are tabulated the general thermodynamic reletions which
are used throughout the analysis.

Chart I, table I, and figure 2 - last stage or single stage with zero
exit whirl. - In chart I and teble 1 are shown values of stage-work peram-

eter -gJAh'/U% for various values of exit axial velocity ratio (V. /al.)s,

isentropic anmular area ratio (As/A1)s, ub-tip radius ratio ry/ry,
and blade-speed parameter Up/aly o

Chart I, table I, and figure 2 have been prepared for use in meking
last-stage or single-stage designs; hence, it was found convenient to
express some of the nondimensional parameters in terms of the stage-exit
stagnation state relative to the stator.

Parallel designations have been used for the charts and tables. For
chart I and table I, designations (a), (b), and (c) refer to values of
0.5, 0.6, and 0.7, respectively, for the exit axial velocity ratio. Sub-
designation 1 identifies the set limited by zero change in the magnitude
of relative velocity at the hub radius, (W1/Wp), = 1; subdesigna-

tions 2, 3, and 4 identify the set limited by specified values of
entrance relative Mach number at the hub radius of 0.6, 0.8, and 1.0,
respectively.

Chart I,1 and teble I,1 - last stage or single stage limited by zero
change in magnitude of relative velocity at hub radius with zero exlt
whirl. - In appendix C are developed the equations used in the preparation
of chart I,1, teble I,1, and figure 2. The stage-work parameter was cal-
culated from the following equation:
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2
- 1 V.
) (9,0 =
Ug Vu,z=0 1,h \"%

The calculations then proceed in the following menner. Solved as a
dependent varisble is the isentropic anmilar area ratio (Ay/A,),, which

was calculated from 1
2 2 2 k-~
el (8,6, 1 G Gl
<ég) _ Uy, B 2,0\ U/,nl \U/ain | \V,2/ \Bcr/z
A )s  Vx,2 ktl  [Vx a
k-1 a!l

cr/2

(cis)

upon insertion of the ratio of axlal velocities

2 2 2
v al v
_EL_]:._—_ 14+ ._'i-— <= 1 - (_E) -1 (08)
Vx,2 8ér/2,h \Vx /2 U/i,h
For convenience in the construction of chart I,1 and table 1,1,
nominal values of the parameters ('U/acr)2 p and (7, /U)l p vere

assigned for three selected velues of (Yx/a’ ) and rive typical values

of (rh/rt). Combinations of these varigbles were chosen so as to yleld
results in the practical range for turbines.

In order to obtain the charts and the data for the tables, the
stage-work parameter -gIAh‘/U was plotted against isentropic anmilar

area ratio (Ag/Al)s for lines of constant exit blade—hub speed ratio
Uh/acr o, each such preliminary plot having been made for one particular
value of exit axial velocity ratio (Vy/air)2 and one value of hub-tip
radius ratio rh/rt. The curves of chart I,1 are merely cross plots of

these preliminary plots. In the final form of chart I,1, stage-work
parameter is plotted against exit blade-speed parameter with lines of
constant hub-tip radius ratio, all for one particular value of exit
axial velocity ratio and one value of isentropic annular area ratio.
The abscissa of the charts was calculated from the exit blade-hub speed

ratio Ol/aér)z,h by the simple relation

s _ (U/etr)2,n )
8r,2 /Tt
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Table I,1 was produced by simply reading chart I,1 at 0.02 intervals
of the blade-speed parsmeter over the seme range presented in the chart.

The turbine weight flow has been expressed in the form of @ non-
dimensional parameter identified in figure 2 as exit weight-flow param-
eter. This paremeter is calculated from the equation

1

——

21k-1 2
b, oo|1 o kL (Ve ‘Lx_) (T ]
¢ —[l e+l <ac':r>2:‘ (aér 2 [l (r‘t> (024)

which is plotted directly in figure 2.

Chart 1,2,3,4 and table I,2,3,4 - last stage or single stage
limited by rotor entrance relative Mach number &t hub radius with zero
exit whirl. - The stage-work parameter was again calculated from equa-
tion EClQi. The isentropic annular area ratio was calculated from equa-
tion (C18); but for the Mach number limitation the ratio of axial
velocities VX’ 1/V ,2 vas calculated by the following equation, which

X
is developed in appendix D:

(L) e kL (L)z 2
Vx,1 _ \%er/2,n [kl 2 ktl \atr /2 n _ (Vu> 1
1,h

V.2 [V 2 1,h 2 T,
N R [F N S
8cr/2 8cr/2,h 2 ] ]

(D5)

The exit weight-flow parameter was also calculated from equation (C24),
so that figure 2 also applies to this set.

In order to obtain the calculated data for preparation of chart I,z,
3,4 and teble I,2,3,4 nominal values of the parameters (U/aér)z,h and

(Vu/U)l,h were asslgned for three arbitrery values of Mj p, three
values of (V,/al.)s, and five typical values of rp/ry.

The curves of chart I,2,3,4 were also obtained by cross-plotting
preliminary plots at constant selected values of isentropic anmular area
ratio. These preliminary plots once again consisted of stage-work param-
eter plotted against isentropic anmular area ratio with lines of constant
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exit blade-hub speed ratio, each preliminary plot being drawn for one
particular value of entrance relative Mach number, one value of exit
axial velocity ratio, and one value of hub-tip radius ratio. The final
forms of chart I,2,3,4 and table I,2,3,4 are similar in menner of presen-
tation to those of chart I,1 and table I,l1.

On some of the plots of chart I,2,3,4 are shown dotted curves, which
are the loci of points of zero change in the magnitude of relative veloc-
ity at the hub radius across the rotor. Equation (D8) of appendix D hes
been developed for the purpose of establishing these curves:

} 2
x-1 [T
(Wl) _ kil Mih k-l (aér)z,h (06)
Wa/nh 2 U \2 Ve \2 k-1 2
— X -
(a > + ( > 1My

'
er/2,h  \&8ip./2 L

Preliminary plots of (Wl/Wz)E against U/ a¢r,2 Wwith lines of constant
hub-tip radius ratio were made, each plot drawn for a particular value
of (V. aly)z end of My p. The dotted curves, depicting (Wy/Wp)y =1,
on the final charts were obtained by cross-plotting these preliminary
plots at a value of unity for the ratio (Wl/Wz)ﬁ. No such dotted curves

can be drawn on chart I(b)2 [combination of (\T:K/asv.c'_'r)2 = 0.6 and
Mp,p = 0.6] or on chart I(c)2 [combination of (Vyfalp)e = 0.7 and
Ml,h 0.6] , for, as can be easily noted from consideration of the veloc-

ity diagram, the exit axial component of veloclty 1s approximately equal
to or greater than the exit relative velocity at the hub radius. The
reasons for the absence of the dotted curve in some of the plots of
chart I,4 is that this locus occurs only at values of blade-speed param~
eter greater than that presented in the chart (0.8). In chart I,2,3,4
regions to the left of the dotted curves are indicative of a decrease

in the magnitude of relative velocity across the rotor at the hub radius;
whereas, regions to the right of the dotted curves are Indicative of an

increase.

Teble I,2,3,4 was fashioned from chart I,2,3,4 in the same manner
that table I,1 was read from chart I,1.

Chart II, table IT, and figure 3 - stage other than last limited by
hub-radius Mach numbers relative to rotor entrance and relative to follow-
ing stator and by amount of turning in rotor. - Derivetions of the equa-
tions used in meking chart IL, table II, and figure 3 are presented in
appendix E. The calculations and plotting procedures for this set were
somewhat more involved than those for chart I and table I.
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Because chart II, table II, and figure 3 have been prepared for
stages other than the last, for convenience some of the nondimensional
parameters have been expressed in terms of the stage-entrance stagnation
state relative to the stator.

In chart IT and teble II, designations (a) and (b) identify rela-
tive hub-radius Mach numbers of 0.6 and 0.8, respectively; whereas, sub-

designations 1 and 2 identify the stage-work parameter -gJAh! /UE and
the ratio of hub-radius tangential velocities —(Vu’ l/Vu,?.)h: respectively.

The stage-work paremeter is found from the equation

i (L I R

where the term —(Vu/U)z,h provides additional work for stages other

than the last without penality, becsuse the energy associated with this
term remains avellable for use In subsequent stages.

The isentropic annular area ratio was calculated from the relation

fl-

2

k:;("_x_) (E) (L) 2
Az V%,1 k-1 \agr/1 \U/1,n \8r/1,h
/s = 2 2

Y 7 Z 0 12
Ml () B(R) (B ] (e) ()
-1 \%er/1,nl \U/1,n 2,h 2,h x,1/ \%&/1
(E14)
in which the ratio Vx, Z/Vx, 1 Wwas found by solving the expression

2 ktl 2 2 2 2
(22) - o2 (g e B () B - () G2 )
Vx, B Yy \2 1+ k1 Mlzl T kL \egr 1,h v L,h v 2,h Per. L,h v 2,h

(&), X
8ar/1

(E10)

end the factor (Vy/ a.ér)?_ from solution of

we Bl WY ).
(53'{_>1= { (gglgé[()l,h ]}_[(_Ug)l,h_l] (a_?_)l’h
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Turning angle at the hub radius was determined by the equation

By G R 1 P N [ i 1~

-cot

OBy = -cot
V. V. V.
B =6
&er/1 x,1 \fcr/1
(E15)
Entrance weight-flow parsmeter was calculated by the formula
L
2 2 2 k-1 2
A x-1 | Vx Va T 2 Vx Th
1Y T \a), \T o, G T st T\
er/1 1,h \“ecr/1,h er/1 t
(B21)

In the caleculations for this set, nominal values of the parameter
U, a ) were assigned along with two values of and four values
1,h

of (rh/rt) It was by a trial-and-error process that the proper com-
Dbinations of the parameters (vu/U)l,h and (vu/U)z,h were determined
for use with the selected parameters. It was necessary that these com-
binations of (Vy/U)1,n end (Vo/U)2,n vield calculated values of
isentropic annuler area ratio of 0.8 < (Ap/A;) < 1.2 while simultane-
ously yielding values of turning angle at the hub radius near 120°,

Preliminary plots of hub turning angle APy agelnst isentropic
annular area ratio were drawn with lines of constant entrance blade-hub
speed retio, each such plot pertaining to one particular value of My,
one value of f{ry/ri), and one value of "(vu/U)z,h‘ Similar plots were
likewise made with stage-work parameter plotted as ordinate instead
of hub turning angle. A value of (U/acr)l p Gdetermined on the former
plot by the intersection of a desired abscissa with the 120° ordinate
esteblished a value of -gJAh! /U on the corresponding latter plot.

The corresponding value of entrance blade-speed parameter was calculated
from the equation

8r,1  To/Tt
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in which (U/a! )l n hes that value obtained from the plot of ABp
against (Az/Al)B. Thus, these two preliminary plots yielded one point

on chart IT,1l, in which stage-work parameter is plotted against entrance
blade-speed parameter with lines of constant hub-tip radius ratio, all
for one particular velue of Mach pnumber at the hub radius and one value
of isentropic annular area ratio.

Preliminary plots of -CVu,lfvu,z) against ABn were drawn with
lines of constant entrance blade-hub speed ratio, each for one particular
value of My and one value of -(Vﬁ/U)z h- This plot is independent

of hub-tip radius ratio, because the parameter rh/rt is absent from
equation (E15). This plot and the ABy against (Az/A1)s preliminary
plot described previously, drawn for the corresponding values of Mp
and -(Vy/U)p, p, established one point on chart II,2. In chart II,2 the
ratio of tangential velocities at the hub radius 1s presented as the
ordinate, and the parsmeters Ut/aér,l’ ry/Tes My, and (/A1) retain
the same form of presentation as in chart II,1

Table II was produced from chart II by the same procedure in which
table I was prepared from chart I.

For the preparation of figure 3, preliminary plots of entrance
weight-flow parameter ﬁl against hub turning angle APp were made,
again with lines of constant entrance blade-hub speed ratio CU/aer)l,h
for one particular value of each of the parameters My, rh/rt, and
-(Vu/U)z he The value of Gl/acr)l n established on the corresponding
preliminary plot of APy ageinst (Az/Al)s located a corresponding
point on the previously'mentioned ﬁl against ABp plot, all of which
yielded one point on a Pplot of Wl against Ut/a ,1 with lines of con-
stant rp/ry for (Ap/A7)g = O. This was cross-plotted in order to pre-
sent figure 3 in a form similar.to that of figure 2. Figure 3 is a plot
of hub-tip radius radio against entrance weight-flow parameter with lines
of constant entrance blade-speed parameter, drawn for an isentropic
annular area ratio of 1.0 and for each of two selected rotor-entrance rela-

tive Mach numbers. For simplicity, only an isentropic anmular area ratio
of 1.0 is furnished in figure 3.

Determination of loss factors for use with charts and tables. -
Although the charts and tables were constructed on the basis of isentropic
flow, provision for including stage efficiency has been made. In
appendix F are presented the details of the development of a loss fTactor
which is used according to the following equation:

JAB

A A -
2 2 R
2 (22} . 6
Ay (Al>s (F6)
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The velocity diagram and stage-work paremeter as obtained from the charts
or tables are unaffected upon assumption of stage efficiency; the design
of the charts.and tdbles is such that only the annular area ratio becomes
affected. The charts and tebles have been constructed for varlous lisen-
tropic anmular area ratios in order that interpolation between the actual
annular ares ratios as calculated from equation (F6) can be used for
ascertaining the stage-work parameter (and -(vu,l/vu,z)h in the case
of chart IT and table II) associated with the desired actual anmilar
area ratio.

Figure 4 is a plot of loss factor eJAs/ R against stage-enthalpy
parameter -gJdAh*'/T' with lines of constant adisbatic efficiency 1.
The abscissa of figure 4:(&.) is in terms of the exit stagnation tempera-
ture relative to the stator, because this plot is intended for use with
chart I and table I. By the same token, figure 4(‘0) was constructed for
use with chart IT and table II by presenting the abscissa in terms of the
entrance stagnation temperature relative to the stator.

Summary of Design Conditions Used in Charts and Tables

The following table summarizes the design conditions bullt into the
charts and tables:

Chart end Ve Wy M) n M2 h vu,a Th Ap Appendiz
teble ar_ W b A
er/2 2/h Ty YA
I,1 0.5, 0.5, 0.7 1 o |o.5, 0.6, 0.7, 0.8, 0.9 {0.8, 0.9, 1.0, 1.1 c
I,2,5%4 |0.5, 0.6, 0.7 - 0.6, 0.8, 1.0 | wwm—mmeu o |o.5, 0.6, 0.7, 0.8, 0.9 {0.8, 0.9, 1.0, 1.1 D
IT ———————— - 0.6, 0.8 0.6, 0.8 - 0.6, 0.7, 0.8, 0.9 0.8, 1.0, 1.2 B

Chart IT and table IT are presented with but three annular area ratlos,
because this parameter has less effect here than it does in chart I and
table I.

USE OF CHARTS AND TABLES

The design information of this report is presented in both chart and
tabular form. The charts mey be somewhat more convenient in instences in
vhich one or two turbine designs are sought. In situations in which a
survey of many turbine designs is desired, the tables may prove especially
suitable. Elther the charts or tables, of course, can be used for either
of these purposes.
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Turbine Design Requirements

The charts and tebles in this report have been set up for the pur-
pose of furnishing e turbine design to meet a given set of turbine design
requirements. These requirements consist, in one form or another, of

(l) Equiva}ent work per pound of gaé needed to drive compressor
-Aht /0!
c

(2) Equivalent weight flow per unit turbine-tip frontal area
1 t ¢
W i/ec/AFac
(3) Equivalent blade tip speed of turbine U_/ 4Bl

(4) Bquivalent turbine-inlet stagnation temperature relative to
stator T{/6%

(5) Equivalent turbine-inlet stagnation pressure relative to stator

»i/o; |

Calculation of Parameters

Before entry can be made into the charts or tables, certaln param-
eters must be calculated in order to express the turbine design require-
ments in the nondimensional forms of the chart and table presentation.
The followling equations are therefore used:

T, =1 - (:%EL> _ (3)
N )
TS - T} k-1
B =Bt ("ﬁTl_) (*)
p’ = ﬁ%:- (Bl)

N '
ter =ffx T (B4)
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b D /T(l) (5)

o _"V5 2116 figs < 1 ) 6)

W= t 1 4 | 1
8C PC TC P a'CI'
Required stage-work parameter: ('ngh') (7)
Ut req
- H
Enthalpy parameter: Lgé—h— (8)

Use of Chart I and Tsble I

With a given set of turbine design requirements, the initial step
in using chart I or table I is to assign limits for entrance relative
Mach number at the hub radius Ml h and exit axial velocity ratio

2

(Vx/ac'n.)z, along with annular area ratio AZ/A:L and turbine adiabatic

efficiency 1. From the turbine design requirements, the parameters of
the previous section can be calculated from equations (3), (4), (BL),
(B4), (5), (8), (7), and (8). The exit weight-flow parameter s,

calculated from equation (6), together with the assigned value of
(Vi/alp)s establish the hub-tip radius ratio ry/ry, which is read on

figure 2. Once the hub-tip radius ratio has been established, recourse
to the charts or tables lmmediately ylelds the stage-work parameter at
the appropriate blade-speed paremeter for the even values of isentroplc
annular area ratios presented, at the Initielly selected value of exit
axial velocity ratio. In all instances readings should be made from
chart I,1 and chart I,2, from chart I,1l and chart I,3, or from

chart I,1 and chart I,4 in order that a comparison of the results from
the two sets can be used to determine which is the limiting set. If
the tebles are being used, the word "table" is to be substituted for the

word “"chart" in the previous sentence.

In the calculation of the exit-enthalpy parameter —gJAh'/Té , there

arises an ambiguity as to what value should be used for the factor -Ah'.
The following rule-of-thumb gpproximations are suggested for use in
calculating the value of -gdth'/T4 with which to enter figure 4(a).

When the stage-work parameters read from chart I or table I at the even
values of (AZ/A]_)S presented are of about the same magnitude as the



NACA TN 2905 . 15

required value, so that a single-stage design is indicated, the value of
compressor work per pound of air is suggested for the factor -Ah', For
the last stage of a multistage turbine, the value of -Ah' 1is suggested
which is determined by subtracting from the required enthalpy drop the
sum of the design values of enthalpy drops of all stages other than the
last. As will be explained later, the enthalpy drope of stages other
than the last can be obtained from chart IT or table II.

From the exit-enthalpy parameter -gdith! /Té and the turbine adia-

batic efficiency 1, a loss factor eJAS/ R can be read directly on fig-
ure 4(a). The abscissa in figure 4(a) is presented in terms of down-

stream stagnation temperature T) because figure 4(a) is intended for

use with chart I and table I. The actual annular area ratio is calculated
from the loss factor by

b () F
(), "

2 _[(-2) ¢ : (F6
A \4 )

The procedure is to select two isentropic annular area ratios such that
the resulting values of Az/Al (from eq. (F6)) encompass the desired

value of annular aresa ratio. If chart I is being used, a linear inter-
polation is then made to yleld the value of stage-work parameter corre-
sponding to the desired annular area ratio. Use of the tables involves
an additional interpolation, that is, for blade-speed parameter. The
following graphical method is suggested for interpolating the tables.
For hub-tip radius ratio, a linear interpolation in the tables 1s quite
satisfactory. Stage-work parameter cen be read at two values of blade-
speed parameter for two values of isentropic anmular area ratio, the
two values of each parameter being selected so as to encompass the
desired vealue of each. The four values of stage-work parameter so
obtained can be plotted with blade-speed parameter for each of the two
selected isentropic anmular area ratios. The two points of each area
ratio can be joined by a straight line and an interpolation made between
them at the desired ebscissa (blade-speed parameter).

The Euler work equation (Cl) can be written as follows:

_gatn (vu,l ) vu,Z) (3)2 )
U% - U [0) Ty :

where the term V 2/U is set equal to zero in the derivations of
2

chart I and table I. In many instances it will be found that the stage-
work parameter as read from chart I or table I is not quite sufficient
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to meet the work required of the stage. Selection of higher values of
the aerodynamic Hmits (Vy/alz)z or My p msy suffice. If, however,
the deficliency is small, the turbine stage can be designed to produce
sufficient work by designing for a small amount of exit whirl. The
equation to be used for this purpose in connection with the set of
chart I and table I pertaining to zero change in the magnitude of rela-
tive veloclty is

~gJAh!? - t V. I a
g ~ gdAh 2 u h
__I_]_z__ & 5 - 2l—= - .ITb. (10)
t I,Vu’zyé() 013 I,Vu’2=0 ’

in vhich the numerical coefficient 2 has been found to be a good average
value. The paralleling equation for use with the set of chart I and
table I limited by Mach mumber is

2
~gdAh! -gJAh! A Ty
w2 S\ “\T/)2,n\Tt (12)
t /MWy, 270 t /M,Vy,2=0

In both equations (10) and (11), the value used for the stage-work param-
eter on the left is that required of the stage; the value of -Ah' in
this parameter coincides identically with that suggested in calculating
-gdAht /Té The stage-work parameter on the right is taken directly

from chart I or teble I.

Values of (Vy/U)2,n heving been calculated from equations (10)
and (11), inspection of their absolute magnitudes immediately indicates
whether the particular design is limited by change in magnitude of rela-
tive velocity or by Mach mmber. For the values of (Vy/U)z,n so cal-
culated, each set will lie within its particular limit; what is sought,
however, is that set which lies within the limits of both sets. The set
corresponding to the larger absolute magnitude of the two values of
(Vu/U)2,n, calculated from equations (10) and (11), is the limiting set.

The reason for this statement can be seen from a consideration of the
work equation

(3, (3),
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For the required value of -gJdAh! /U2 » the larger the absolute magnitude
of (Vu/U)z, the smaller can be the gbsolute magnitude of (Vu/U)l.

Smaller absolute magnitudes of (Vy/U); are indicative of lower values
of entrance relative velocity Wy, which in turn correspond to lower
values of both W;/Wp and (W/a)l. The conclusion is thus that the set
corresponding to the larger magnitude of (Vuf[] )2’ h lies within both
limits.

Other occasions will arise in which the value of the stage-work
parameter read from chart I or table I is in excess of that required of
the stage. This situation can be handled in several ways. Perhaps the
simplest is to decrease the value of (VufU)l,h (see eq. (C6)) for
design for less work. Other possibilities consist in selecting lower
values of the aerodynamic parsmeters (V,/al.), or LI

Although chart I and teble I are presented for but three values of
v./al..) and three values of M, ,, linear interpolations can be made
cr/2 1,h

in order to yield results for any desired limits of these two parameters,

provided they lie within the range of values presented herein.

Use of Chart ITI and Table II

Recourse 1is made to chart II and table II only after it has been
found from chart I or tsble I that a single stage cannot satisfactorily
meet the turbine design requirements. That is, when the value of the
stage-work parameter determined from chart I or table I remsins too
small even after exit whirl has been employed or higher selections of
(v /al)y or M, j have been made or all three of these departures

have been used, additional staging is necessary.

Once it has been found necessary to resort to a multistage turbine,
the procedure is to select a Mach number limlt and anmular area ratio
for the first stage. From the turbine design requirements, the param-
eters necessary for entry into chart II or table II are calculated from
equations (Bl), (B4), (5), (6), (7), and (8). The entrance weight-flow
parsmeter Wy calculated from equation (6), along with the assigned
value of Mach nmumber M, and the entrance blade-speed parameter cal-

culated from equation (5), establish the hub-tip radius ratio which is
read on figure 3. At this value of hub-tip radius ratio and for the
assigned Mach mumber, the stage-work parameter can be reed at the
appropriate blade~speed paraemeter on chaert II or table II for the even
values of isentropic anmilar area ratio presented.
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Chart IT and table II are furnished with an additional parameter,
the ratio of tangential velocities -(vu’l/vu,z)h, the menner of presen-
tation of which is identical to that used for the stage-work parameter.
The purpose of including this additional parameter is to provide a means
of detgrmining the magnitudes of Vﬁ,l,h and Vu,z,h’ which are related
to the stage-work parsmeter by equation (El). The value of the ratio
-(vu,l/vu,z)h is read from chart IT or table II at the location corres-

ponding to that used in determining stage-work parameter.

In calculating the entrance-enthalpy parameter —gJAh'/Ti for

stages other than the last, it is suggested that the value for the
factor -Ah' bDbe determined from the stage-work parameter read from
chart I1I or table II at an isentropic annmular area ratio of 1.0 if a
diverging anmilus is desired. If a stralight anmilus is desired, the
value of stage-work parameter read at an isentropic annular area ratio
of 0.8 1s suggested.

From the entrance-enthalpy parameter and the turbine adigbatic

efficiency, a loss factor eJAs/R can be read directly from figure 4(b).
Anmular area ratio is agaein calculated from isentropic annmular area ratio
by equation CFG). Isentropic anmular area ratlios are selected so that
the resulting values of Ap/A; (from eq. (F6)) encompass the desired
anmuler area ratio. If chart II is to be used, a linear interpolation
then yields the values of both stage-work parameter and ratio of tan-
gential velocities corresponding to the desired annular area ratio.

If table IT is to be used, the method of interpolation of the tables
suggested in the previous section can be applied to both stage-work
parameter and ratio of tangential velocitiles.

Once the first-stage design has been accomplished in this manner,
examination should be made of

-gJAht Y -gJAh*
2 VT2
Ug req Uy 1st stage

to ascertain whether or not one more stage will suffice. If this differ-
ence is too greatly in excess of the stage-work parameters obtainable
from chart I or teble I, design of an intermediate stage can be effected
in the menner described in this section. Otherwise, chart I or table I
furnishes the design of the last stage to complete the turbine design.

As in the case of chart I and table I, linear interpolation can be
made to yield results for any Mach numbers between 0.6 and 0.8,
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Discussion of Approximations Involved

In order to estimate the sensitivity of the method to the value of
the ratio of specific heats k, equations (C18) and (C24) were solved
with a value of 1.40 for k. The resulting values of isentropic anmilar
area ratio and of exit weight-flow parameter differed from the corres-
ponding velues of k of 4/3 by less than 1/2 percent.

When a design is made to produce additional work by employing exit
whirl (egs. (10) and (11)), figure 2 is no longer exact because of the

absence of a (Vu/aér)g,m term in equation (C24). For a given value of

exit weight-flow parameter, a solution of equation (024) for hub-tip
radius ratio in which a value of -400 feet per second for the exit whirl
was used resulted in about 1/ 2-percent difference from the corresponding
value of rp/r. as read from figure 2.

An additional approximation has been made because figure 3 is pre-
sented for an isentropic annular area ratio of 1.0 only. This approxi-
mation, which avoids much complication, is reasonsble because a stage
other than the last is generally designed with a diverging anmulus.

At this point a word of caution is introduced: when the charts or
tables Indicate the necesslty for a multistage turbine, a rise in statie
Pressure across stators other than the first may result. This situation
is most likely to occur at high velues of entrance relative Mach number
and low blade speeds. Elimination of such a static-pressure rise reduces
elther the work output or the weight-flow capacity of the turbine.

TILUSTRATIVE EXAMPLES

Four examples illustrating in detail the use of this method are
presented in this section. In three of the examples the charts have
been used; whereas the tebles have been used in the remaining example.
Using either charts or tables yields the same results.

Example 1

Lightly loaded single-stage turbine. - In the first illustrative
example the charts are used to determine some of the design characteris-
tics of a lightly loaded single-stage turbine capable of satisfying the
turbine design requirements of a typlical contemporsry jet engine.
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Turbine design requirements

-Ah'/8% = 81.9 Btu/Ib

W E/AFSE = 16.0 1b/(sec)(sq £t)

Ut/ 1/9—;_. = 1200 ft/sec:

t = 2060° R
T
p] = 11,000 1b/sq £t

. = 1
At sea level: Gé = 1, 80

Calculation of parameters:

NACA TN 2905 .

Assigned varlgbles
AsfAy = 1.0
(v /al.), = 0.5
My p< 0.8

1 = 0.9

k

4/3

¢p = ooF = = 4 3 = 0.2745 Btu/(1b) (°R)
P = 2060 ~ ~omo— = 1761.6° R b tion (3)
2= - 0.2745 - 10 ¥ equeton
2060-1761.6 || *
pé = 11,000 - (0 9—2060. ) = 5456 1b/sg ft by equation (4)
5456

T =
Py = 53.4(1761.5)

at =4/z(f7‘-) 32.2(53.4) (1761.6)

U
t 1200
= = 0 . 646
ac':r, 2 1859
16.0

= 0.148

N
%2 = 5.0560(1859)"

-gJAh! _ zszooo_gsé.g)= 1.422

(1200)

t req

=7 = 0.0580 Ib/cu £t

= 44.3

by equation (B1)

1761.6

1859 ft/sec by equation (B4)

by equation (5)

by equation (6)

by equation (7)
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If the charts indicate that a single stage is sufficient, the value of
-Ah'  of 81.9 Btu per pound can be used in equation (8):

-gJAh'  25,000(81.9
gTé = ’1761( = ) _ 1162 sq £t/ (sec?) (°R)

by equation (8)

From figure 2 at Wy = 0.148 and (V,/al ), = 0.5, the hub-tip radius
ratio Ty /Ty = 0.818. .

From figure 4(a) at -gJAh'/Té = 1162 sq £t/(sec?)(°R) and 17 = 0.9,
the loss factor eJAB/R = 1,077.

Entry into chart. - Because the desired annulsr area ratio is 1.0,
it is necessary to interpolate the stage-work parameters read from the
charts of 0.9 and of 1.0 isentropic snmular area ratio. Use is made of
equation (F6) in calculating the corresponding area ratios:

~gJAR? A
r g T = 1.435 at KE = 0.969
U 1
t I,Vu,2=0

Chart I(a)l <

~gJAh! =1.390 at i = 1.077
VA Ay
{ £

Interpolation
Yyields

:> = 1,422 at — = 1.0
Ay

e
< > > = 1.580 at
M, u 2#)

2 0.969
A
Chart I(a)3 <
A
<g =1.5%8 st 2= =1.077
1
k B%Vﬁ,2=o
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Interpolation [-gJdAh't _ Ap _
yields = = 1.568 at AT 1.0
t M,Vu, 2=O

The two values of stage-work parameter interpolated for an snnular
- 1 2 — - 1 4 2
area ratio of 1.0 show that (-gdAh /Ut)I,Vu’2=O = (-gdAh /Ut)req

- > (- 2 - -
and ( gJAh'/U_E)M’Vu’Z____O ( gJAh'/Ut)req. Hence, a single-stage tur
bine with zero change in the magnitude of relative velocity at the b
radius, zero exit whirl, and an entrance relative Mach number at the
hub radius less than 0.8 can satisfy the turbine design requirements.

Example 2

Heavily loaded single-stage turbine. - The objJect of this example
is to determine by means of the charts the effect upon some of the
design characteristics of example 1 of increasing the work output
required of the turbine while al1 other turbine design requirements are

unaltered.

Turbine design requirements Assigned variables
-An'/6}% = 100.0 Btu/1b AxfAy = 1.0
W 1/65/AF8(§ = 16.0 1b/(sec)(sq £t) (v./air)o = 0.5
U,/ 4% = 1200 ft/sec M), < 0.8
! = 2060° R 7 = 0.90
p! = 11,000 1b/sq ft k = 4/3
At sea level: 6! =1, 8! =1 e, = 0.2745 Btu/(1b) (°R)

Calculation of parameters:

100.0
T} = 2060 - 5 g7zs = 1696° R by equation (3)

4
2060-1696
t — - =
Py = 11,000 l:l (—(—-)—0.9 5060 ):] 4590 l'b/sq £t by equation (4)
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4590

oL = EEI(IE98) = 0.0507 1b/cu £t by equation (Bl)
Bly o = 44.3 41696 = 1824 f£t/sec by equation (B4)
Ot _ 1200 _ g g5g by equation (5)
st .~ Iged - y
er,2
16.0
wz = 50507 (1628) ~ = 0.173 by equation (6)
-gJAht N
g 25’000(100 0) = 1.736 by equation (7)
2
U (1200)
t / req

From figure 2 at W = 0.173 and (V x/a(':r)z = 0.5, the hub-tip radius
ratio rp/ry = 0.783.

Entry into charts. -

g A
gJAh =1.326 at <I§) = 0.9
I,V =0 1/8
Chert I(a)l ﬁ

g‘mh' - 1.284 st <;A3> - 1.0
U A1/s
L I,Vu,zi)

(

-gdAh'
2
M,u2=0

- t
Bk = 1.436  at (A-?— = 1.0
U A1/s
L t /M, V20

Ap
1.475 at K- = 0.9
1/8

Ghart I(a)3 j
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Although the preceding stage-work parameters are a1l less than the
value of (-gdAh!/U%) £req’ the deficiency can be made up either by design

ing for exit whirl or by selecting a higher value of the parameter
Vv,/al ),. TIn this example, exit whirl will be added in order to illus-
cr/a )

trate the procedure; and if the resulting value of Vyu,z2 1is not
excessive, a single stage will suffice. Since it is sought to determine

whether a single stage can supply the necessary work, the value of -Ah!
to be used in equation (8) is 100.0 Btu per pound:

'gi?h "= 25,000{100.0)/1696 = 1474 sq £t/ (sec?)(°R)
2

by equation (8)

From figure 4(a) at -gdAh!/T) = 1474 sq £t/(sec?)(°R) and 7 = 0.9,

eJAs/R = 1.10. Hence, (Ap/A;)g = 0.9 corresponds to (Ap/A;) = 0.99,
and (Ap/A;)g = 1.0 corresponds to (Ap/A;) = 1.10, by equation (F6).

It is necessary to determine the magnitude of the tangential component
of exit velocity for each case before 1t can be decided whether the

turbine is limited by zero change in the magnitude of relative veloclty
or by Mach number. Interpolation of the stage-work parameter from the

chart I(a)l values at an annular area ratio of 1.0 yields
(-gdAh? /U t)I Vg, 20 = 1.322. A similer interpolation of the correspond-

ing parameters from chart I(a)3 yields (-gdAh! /U_t M, Vu,2=0 = 1.471.

The use of equation (10) gives for the design limited by zero change
in the magnitude of relative velocity at the hub radius

V 2
u 1 1
(U )2 h -T2 <0.783> (1-736-1.322) = -0.338
2

Application of equation (11) to the design limited by 0.8 entrance rela-
+ive Mach mumber at the hub radius yields

Vi 1 2
5 . = - <0.783 (1.736-1.471) = -0.432
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Because a greater amount of exit whirl is needed for the latter design,
the turbine design is limited by the 0.8 entrance relative Mach mumber.
The tangential component of exit absolute velocity at the hub radius is

Vu,2,h = -0.432(0.783) (1200) = -406 f£t/sec

This amount of exit whirl is high; in fact the energy associated with
this whirl is

V.Z

2ed
MA%/‘_— (100) = 3.3 percent

This amount of energy, which is usually a loss, could be reduced by
selecting a higher value of (Vx/aér) 5y because the higher value of

stage-work parameter so obtained would necessitate less exit whirl.

Example 3

High-speed, high-weight-flow single-stage turbine. - The tables are
next to be applied for determining some of the design characteristics of
a high-speed high-weight-~flow turbine such as might be used to drive a
supersonic compressor.

Turbine design requirements Assigned varlables
-Ah' /6! = 73.0 Btu/1b AfA = 1.0
w @%Sé = 30.0 1b/(sec)(sq £t) (Vx/ac':r)z =9
U,/ 46 = 1400 ft/sec Ml,hé 0.8
T = 1960° R 1 =0.85
p; = 8500 1b/sq £t k = 4/3

At sea level: 6! =1, 8! =1 cp = 0.2745 Btu/(1b) (°R)
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Calculation of parameters:

- - 130 _ o
TS = 1960 o.57i5 = 1694° R by equation (3)
1960-1694 \|*
P} = 8500 t - (0.85 555 ) = 4242 1b/sq ft by equation (4)

4242

! =
Pl = B3 Z(1goZ) = 0-0469 Ib/cu £t

by equation (BL)

al o = 44.3 41694 = 1823 £t/sec by equation (B4)
J
Jt = 2299 _ 5,768 b tion (5)
ar__ _ iges _ °° J equation
er, 2
B 30.0 B
fo = 0.0%65 (1623) = 0.351 by equation (6)
- t
e7h’ 25’000(73 9 _o.93: by equation (7)
U (1400)2
t /req

For this case it 1s found necessary to choose a value of elther 0.6 or
0.7 for (Vy/al.)s, because the exit weight-flow parameter is so high

that a value of 0.5 would yield a hub-tip redius ratio less thamn 0.5,
which is the lowest value used in preparing the charts and tables. In
this example, a value of 0.7 will be used for (Vx/a‘ )o. From figure 2

at Wy = 0.351 and (v /al.)o = 0.7, the hub-tip radius ratio
rh/rt = 0.614.

Entry into tebles. - Because (V,/al.), = 0.7 is to be used,

table I(c) will be employed. A cursory observation of table I(c) at
Uy /el ,2 =0.76 and 0.78 indicates that the stage-work parameters are

sufficiently close to the value of (- gJAh'/U req that a single-stage

‘turbine will suffice; consequently, the value of -Aht! 4o be used in
the exit-enthalpy parameter is 73.0 Btu per pound:
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2
- 1
gIAh! _ 4,931 {1400)
Tz T694

a7

= 1077 sq £t/(sec?) (°R)

by equation (8)

From figure 4(a) et -gdAh'/T} = 1077 sq £t/(sec?)(°R) anmd n = 0.85,

the loss factor eJZ‘_\.s

/R = 1l.12. Because an anmular area ratio of 1.0 is

desired, interpolation is necessary between isentropic annular area
ratios of 0.8 and 0.9. The following velues of —th'/Uf_’ have been
interpolated linearly from the tables for rp/r, = 0.614.

Table I(c)l Table I(c)3
Uy, <§§> A2 <-gJAh'> <—gJAh'>
8! A K 2 2
er,2 [\"1/s| "1 U U
J t I,Vu, 2=0 t M’ Vu, 2=O

0.76 | 0.8 | 0.896 0.97 0.96

.9 | 1.008 .93 .92

0.78 | 0.8 | 0.896 0.96 0.95

.9 | 1.008 .93 .91

Interpolated in the suggested manner for an anmalar area ratio of 1.0
and a blade-speed parameter of 0.768, the values of stage-work param-

eter are

~gIAh?
2
Ug

and.

~gdAht
2
Uy

= 0.92
M,Vu’ 2=O

From these results it can be seen that the turbine is limited by 0.8

relative entrance Mach nurber at the hub radius.

A smell amount of exit

whirl can be used in order to produce the requlred stage-work parameter

of 0.93L.
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Example 4

Multistage turbine. - Use of the charts is next extended to a malti-
stage turbine, in order to show how the mmber of stages can be ascer-
tained along with the division of work between the stages.

Turbine design requirements _Assigned variables
-Ah'/6! = 130.0 Btu/lb A,fA, =1.0
v f6/h;8} = 25.0 1b/(sec)(sq £t) ABy, < 120°
Uy/ 4f6% = 900 £t/sec 1 =0.85
T = 2160° R Mh_<_6.so
p! = 17,000 1b/sq ft (v /at.)y = 0.70
k = 4/3

At sea level: 6 =1, 5, =1 c, = 0.2745 Btu/ (1b) (°R)
Calculation of parameters:
(" 130.0

T — el DA o
T} = 2160 - sz = = 1686° R by equation (3)
2160-1686 ¢
1 - - = =
P} = 17,000 (2160 5 85) 5160 1b/sq £t by eguation (4)
5160
| -
P} = 53 z(1gEaY = ©-0575 1b/cu £t by equation (Bl)
Last 4
stage | &L. o, = 44.34/1686 = 1818 ft/sec by equation (B4)
J
Ut _ 900 _ 4 405 by equation (5)
al. o, 1818 voem
2
A 25.0
W2 = 5.0S75(1818) - 0.239 by equation (6)
From figure 2 at #p = 0.239 and (V,/al.)s = 0.7, the hub-tip
\_ radius ratio /Ty = 0.759.
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¢ _ __ 17,000
Pl = 53.2(zip0) = O-1474 1b/cu £t by equation (B1)
a(':r 1= 44.3 42160 = 2058 f't/ sec by equation (B4)
’ -
First y,
U
stage t 500
= = 0.437 by equation (5)
aér,l 2058

L 25.0
1 = 0.1474(2058)

= 0.0824 by equation (6)

From figure 3(b) at My = 0.8, ¥ = 0.0824, and Up/al. 1 = 0.437,
L_the hub-tip radius ratio ry/r. = 0.811.

For the turbine, the over-all stage-work parsmeter required is

U2 Jreq (900)

Entry into charts. - Because a cursory examination of the stage-
work parameter in chart I reveals that a single stage cannot possibly
suffice, a multistage turbine is required.

First stage:
(. R
. g‘%h - 2.865 at (A_]z-) = 0.8
Ut s
Chart TI(b)L ¢ .
- 3
g'%h = 2.910 at (A_z) = 1.0
Ut 1/s
' A
(—Ezl> = -2.24  at (—3) = 0.8
Vu,2/h Mg
Chart IL(b)2 < - A
(—u"—l- = -1.99  at —2> = 1.0
Vﬁ,z h A1 Js
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!

Because an anmilar area ratio of 1.0 is desired, :LE 1s more nearly correct
to use the value of -Ah' obtained from —gJAh' at an isentropic

anmilar area ratio of 0.8. Hence,

2
- 4
gT'I?h = 2.865 -(%g-'% = 1074 sq £t/(sec?)(°R)

From figure 4(b) at -gdth!'/T = 1074 sq f£t/(sec?)(°R) and 7 = 0.85,

the loss factor eX%/R = 1.142. By equation (F6), (A,/A;), = 0.8 and
1.0 correspond, respectively, to Az/Al 0.914 and 1l.142 for the
first stage. Therefore, interpolation for A‘Z/Al = 1.0 ylelds

-gdAh* /U_b =2.882 and (V, 1/V,; 2)y = -2.130. Sufficient information
18 now avallaeble for ma.king the first-stage velocity diagrem.

The value of the stage-work parameter requlired of the additional
staging is

- - 4
é‘%ﬁ - gU‘Tgh = 4.015 - 2.882 = 1.133
U‘t req + 1st stage

Entry into chart I will now indicate whether or not the remalning work
requirement can be accomplished by one stage.

Last stage:

'ngh' - 1.426 st (Aﬁ) = 0.9
8

Ug I,Vy,2=0

Chart I(c)l <
! -vze o (i) =10
t JI,Vy,2=0 s

5
(

sJAh'
M,y =0
L< >M’ Vu, 270

Ay
1.480  at (—-— = 0.9
8

Chart I(c)3 <
(=)

1.353 at |-—
<]

l.o

|
il
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Comparison of these values of stage-work parameter with the value 1.133
required of staging additional to the first indicates that one additional
stage will suffice. Hence,

~gJAh? 900)2
S = 1.133 ﬁl_sgsL = 544 sq ft/(sec?) (°R)
2

From figure 4(a) &t -gdAh'/T} = 544 sq £t/(sec?)(°R) and 7 = 0.85,

the loss factor e'JAB/ R
for Ap/A; = 1.0 yield

= 1.058. Use of equation (F6) and interpolation

- 1 4 - t
g'%h = 1.364 and ngh = 1.423
U 1,Vy,2=0 U M,Vy,2=0

Since the values of these two parameters exceed the required wvalue of
stage-work parameter of 1.133, a two-stage turbine can meet the turbine
design requirements. Lower velues of (Vu/U)l,h’ of (Vy/al.)p, or of
My,n can be employed in the second stage. The work division between the
stages 1s 71.8 percent for the first stage and 28.2 percent for the
second stage.

The occurrence of a static-pressure rise across the second stator
1s indeterminate until the menner of lowering the stage-work parameter
to the required value of 1.133 has been selected, that is, whether
(vu/U)l,h’ (Vx/aér)z, or M 1s decreased. In any event, the choice

of lowering the value of one of these parameters should be such that a
static-pressure rise does not occur across the second stator. If the

velue of -gdAht /‘UE required of the last stage were too greatly in

excess of that obtainable from the designs of chart I to allow for a
reasonsbly small amount of exit whirl, the charts would permit deter-
mining how many stages - three or four, for exsmple - would be required.

CONCIUDING REMARKS

A method has been devised for the rapid determination of design
characteristics of turbine stages within specified aerodynamic limits.
Yor convenience, the information has been presented in two alternate
forms, in charts and in tebles. One set of charts and the correspond-
ing set of tebles are designed to pertain to a last turbine stage; the
use of this set permits a determination of the proximity of a particular
design to limits of zero change in the magnitude of relative velocity,
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of specified entrance relative Mach number, and of exit whirl. A
second set of charts and tebles is designed for aiding In calculations
involving a stage other than the last; Mach rumber and turning angle
limite can be employed with this set. Using the two sets in combina-
tion mekes possible the rapld determination of the mimber of turbine
stages needed for a given application and a desirable work division
among the stages. It is intended that this method be used primarily
for the purpose of sketching out a turbine design with a minimum expend-
iture of time and effort. Based on the information so gained, a con-
ventional detalled analysis can quickly be made with the expectation
that the turbine design requirements can setisfactorily be met.

Lewis Flight Propulsion Laboratory
National Advisory Committee for Aeronautics
Cleveland, Ohio, December 9, 1952
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APPENDIX A

SYMBOLS
The following 1list of symbols comprises those used in this paper:
A " annular area, sq £t

‘OF turbine-tip frontal area, sq £t

®

sonic velocity, 4kegRT, £t/sec
2k
1 1
acr V_k+l gRT', ft/sec
" /Zk n
acr =1 gRT", ft/sec

specific heat at constant pressure, Btu/(1b)(°R)

°p

g acceleration due to gravity, 32.2 £t/sec?

h specific enthalpy, Btu/1b

J mechanical equivalent of heat, 778.2- £t-1b/Btu
k ratlo of specific heats

My, Mach number at hub radius when Ml,h = Mz,h
My, relative Mach number at hub radius (W/a)y p
Mz n gbsolute Mach number at hub radius (V/a.)z’h
g gbsolute pressure, 1b/sq £t

R gas constant, 53.4 £t-1b/(1b)(°R)

r radius, £t

r p/ry = 2(ry/re) /(1 + ry/ry)

8 entropy, Btu/(1b)(°R)

T absolute temperature, °r

U blade velocity, £t / sec
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v absolute velocity of gas, ft/sec

W relative velocity of gas, ft/sec

W welght-flow rate of gas, l'b/sec

w weight-flow parameter, w/App'al.

B flow angle of relative velocity measured from tangential
direction (fig. 1), deg

A prefix to indicate change

ol pressure-reduction ratio, p/ZJ_'LG

1 adigbatic efficiency

e temperature-reduction ratio, T/518.4

P gas density, 1b/cu £t

® engular velocity, radians/sec

Subscripts:

c compressor-inlet conditions

h hub radius

I limited by zero change in magnitude of relative velocity at
hub radius

i ideal

M limited by entrance relative Mach number at hub radius

m mean radius

req required

8 igsentropic

t tip radius

u tangential component

Vu,Z = 0 without exit whirl

V. ., #0 with exit whirl
u,2
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p 4 axial component

1 station upstream of rotor

2 station downstream of rotor
Superscripts:

stagnation state relative to stator

stagnation state relative to rotor
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APPENDIX B

THERMODYNAMTC RELATIONS USED THROUGHOUT ANALYSIS

The following general thermodynemic relations are used in the deriva-
tion of the charts, tebles, and figures:

Equation of state:

Isentropic relation:

Sonic veloclty:

Absolute critical velocity:

Relative critical velocity:

Free vortex:

Free vortex and simplified
radial equilibrium:

From velocity triangle:

Absolute Mach number:

Relative Mach number:

Absolute stagnation
tem_perature :

Relative stagnation
temperature:

P = prt

pp~kK = constant

| —_— 1
8cr TrL O

2k
n_ ]
Ber = kt+l gRT

rV.. = constant along a radiel line
Vy = constant along a radial line

2 . vy2 4 y2
V2 = V2 + V5

W = vﬁ + (Vy - U)z

-1 (Vu -
B=cot (——v—x-l—])
v
e
2 a/o

W
M = Q5>1
T'ET+2§r
c
P
T"ET"‘WZ

Zng:..p

(B1)
(B2)

(B3)
(B4)
(B5)
(B6)

(B7)
(B8)
(B9)
(B10)

(B11)

(B12)

' (B13)

(B14)
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Subtracting equation (Bl4) from (Bl3) and utilizing equations (B4),
(B8), and (B9) yield

n - v
Doa Bl ()2 (m15)
L 8op 8er. Ber,
Equation (B13) can be restated with the use of equation (B3) as
T' k-1 (V)2
-T— =1+ = (E) (BlG)

Similarly, equation (Bl4) becomes

" k-1 [W)2
=1+ (‘a{) (B17)
Equation (B13) can also be restated with the use of equations (B4)
and (B8) as
T el (Ve \% k1 (Va \°
s (aéI) Tkl C‘ér) (B18)

In like manner, (Bl4) can be rewritten by means of equations (BS),
(B8), and (BI) as ’

i -1 (VxV  x1 (Vu v\
il rs ag.] ~ k1 \ag. &g, (B19)
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APPENDIX C

DERIVATION OF EQUATIONS FOR CHART I, TABLE I, AND FIGURE 2 -
LAST STAGE OR SINGLE STAGE WITH ZERO EXIT WHIRL:
LIMITATION OF ZERO CHANGE IN MAGNITUDE OF
RELATTVE VELOCITY AT HUB RADIUS

The following four equations give the specifications for chart I,l1
and table I,l:

Work:

V. -r.V
-Ah' = Cl u’ng 2 u’2> ® (c1)

Zero change in magnitude of relative velocity across rotor at hub radius:

Wl,h = Wz,h (c2)
Continuity at mean radius:.
(V)1 m = (PVh)2 m (c3)
Zero exit whirl:
Vy,2=0 (c4)

Tn combining these equations, use is made of assumption (5), that is,
(cs)
i,m 2,m
Equation (Cl) combined with {C4) and (C5) ylelds

('gggh)vu - = (%)1 (c6)

2

Combination of equation (C2) with (B9) yields

[Yﬁg);,h ) l:’z ¥ (%E)i,h - l:(%—u>2,h ) :]z * C%_[)Z,h e7)
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Insertion of equations (C4) and (C5) into (C7) results in
.-Gl L by
il - -1l=\gr - “\g
U/1n ger/2 \U /2.n Vx,2
which is solved for

’ 2
Vx,1 U \2 abr\2 (Vu)
= 1 -1 o 1 - =T - CB
Vx,2 ¥ (acr>z,h (Vx )2{ [ v 1,h (ce)

The continulty equation (C3) is next to be manipulated, with the use
of equation (Bl):

AVy 2 (01/ Pl P/ RTE) (co)

= T TT
AVx,1  \Pa/Pg Pp/RTy/

Relative to the blading, T] = T5 . Therefore, equation (C9) becames
J J

Ay 2 (eP1/ef DY
AV 7 \pa/e} B, (c10)
x,1 alFz m
which is
Az /PH Vx,1701/p1
Il- (5;") = v (p 7 n) (Cll)
m x,2\P2/P2/

The left side of equation (Cll) is defined as the isentropic annular
area ratio (Ap/A;)g, because, for constant entropy (pg/p'l')m =1:

Substitution of equations (Bl), (B2), (B19), and (C12) transforms
equation (Cll) into ‘

é - -
2 —
! (Vx > k-1 (Vu ) ( U ) 71"1
- 11 - i} - T
(ﬁ) Vx,l kil &/ k41 \ 2./l 8. 1 i (013)
A 5T W n
e %20 k1 (Vx 2 k1 [(Ww) (T
T k+l \am 5 K+l a’ 5 an
L cr . Ver cr m
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which reduces to

) L
I Va1 1- 11;—& (V x) ] k+l [C} - _—_Iz (Z’z;)j =
<A1>s Vx,z% N » f (c14)
L BE-BE, )

by substitution of equation (C4). With the use of equations (B4) and
(C10), equation (Cl4) beccmes

), - 72 - ) () E).- (@) - 1 (2 (@)
o -0, FL-@LE

(c1s)
Let
n
2 2
— T X
=2, % (c16)
Tm Th
1+ =2
Ty
In accordance with assumption (5),
Ty =T, =T (c17)

Conversion of equation (C15) to a function of hub velocities with the
aid of equations (B6), (B7), (B15), (C1l6), amd (C17) yields

2 2
(f-g) Ve Py (f—)zh@z {l{(‘%)l,fz ]?(%’%) (%";)2

& Vx,2 ktl x \?
k-1 C;'é:r) 2
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which finglly becaomes

- G, E 0,7
(éi) Vx,l k’ 8cr/2,h\V /1,h U/i,h Vx,
\ k1 (Vx )
k-1 " \a'_
cr' 2

(c18)
Solution of equation (C18) is completed upon insertion of (C8).

So that chart I can be presented in terms of blade-tip velocity,
equation (C8) is altered by equation (B6) to read

) -3,

u,2

for the stage-work parameter.

Derivation of equation for exit weight-flow parameter (fig. 2). -
The exit welght-flow parameter ls defined as

AF(p acrjz (cz0)

where

w = (pAVy) 2 (c21)

Equations (C20) and (C21) can be combined to give

o (e ()2 )]

By means of equations (B2) and (B18), equation (C22) reads

<
k-1

2 2
h- - B () (&L (Sa) (_U_) (".x) ] (.a)
2 kt+l aér 2 k+1 U 2 aér 2 n &(':r 2 I't

(c23)
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Upon substitution of equation (C4), equation (C23) finally becomes

Aol - k-1 Vx z
2 k+1 \a’
cy 2

which is plotted directly in figure 2.

L
k-

] e
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APPENDIX D

DERIVATION OF EQUATIONS FOR CHART I, TABLE I, AND FIGURE 2 -
LAST STAGE OR SINGLE STAGE WITH ZERO EXIT WHIRL.:
LIMITATION OF SPECIFIED ENTRANCE RELATIVE MACH
NUMBER AT HUB RADIUS

The specifications for chart I,2,3,4, table I,2,3,4, and figure 2
are established by equations (Cl), (C3), and (G4) along with

My p = G)l,h (p1)

Equation (BQ) can be rewritten and applied at the hub inlet as

(B [@ha- o)

The term on the left side of equation (DZ) can be expanded to
1 2 1 \2

2 2 2
W . (H a C’cr ,l) (acr)
Jin A 8or /1,h \8cr,2 U /2,n
which by equations (B3), (B4), (C10), and (DLl) can be written as
w\2 kel 2 [ " adp )2
p == M,n\m T — (D3)
U/1,h T/1i,n 2,h \U /2 n

Equation (D3) reduces to

W k+l 2 ktl \acr/2.n
h )
) U k-1 _2
)y BT
8cr/2,h . ’

U
by virtue of equations (B15) and (B16). Equating the right sides of
equations (D2) and (D4) and solving for Vx,l/‘vx’2 yield
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szl
Vx,z
2
U k-1 /U
2 B z
1 t
E"cr) 2,h k+1 Etl A8 2,h Vu 1
= 2 h 2 \T -
Vx ’ U k-1 1,h
T &l 1+= Ml,h
cr ¢r/2,h -

2
(Ds)

The isentropic annular area ratio (Az/A]_) g can now be obtained by
insertion of equation (DS5) into (C18).

The stage-work parameter for this set is again calculated from
equation (C19).

The ratio W,/W, at the hub radius can be calculated by altering
equation (D4) slightly. From this equation

a
k-1 U
2 1 + —= —
<W1> _ k2 kt+l (aér)z,h (D6)
g/ = o h
Waln 2 7w \2 k-1 2
- 1+==M¥ u
r/2,n
Equation (B9) can be reduced by eguation (G4) to
2 2 2
W U Vx
(a' > = (a' ) + (‘gr‘) (D7)
er/2,h 2,h cr/2

Substitution of equation (D7) into (D6) yields

k-1
(Wl _ kil "oy K 08)
Wo 2 2 7, \2 k-1 2
U X 1+ M
8cr/2,h \&cr/2

This relation was used to plot the dotted lines on the set of chart I
limited by Mach number.

Equation (C24) once again holds true for the exit weight-flow
parsmeter. .
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APPENDIX E

DERIVATION OF EQUATIONS FOR CHART IT, TABLE IT, AND FIGURE 3 -
STAGE OTHER THAN LAST LIMITED BY HUB-RADIUS MACH NUMBERS
RELATTVE TO ROTOR ENTRANCE AND RELATIVE TO FOLLOWING
STATOR AND BY AMOUNT OF TURNING IN ROTOR

The work equation (Cl) with the use of equation (C5) can be written

-gian' _ (Vu) _ (Vu
= (U 1 \T)/2 (E1)
The specification on Mach number at the hub radius is
Hhnm )
N = ([~ = E2)
(a 1,h g/2,h " (

Once again, equation (C3) holds true.

Equation (E2) can be expanded by means of equation (B9) to
2 2
V. v
u U ( x)
— - = + | = = bq; E3)
(a a) 1,h & /1,h (

and by means of equation (B8) to
2

2
Vu) Vx Mﬁ
—— + — = 4:
(a 2,h (a)z,h (B4)
Expansion of equation (E3) yields
2
2 2 2 2
(), o] (@, ) () )
1 1 -
U/1,n e/ 1,p V8 /1n \Be/y \® /1y

which by equations (B3) and (B4) gives

oo
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Ky_l_l) l]z (U 2 (vx )2 (_T“_> (_r> 2 il
- 1 ar = >
U/1,n acr) 1,n \er/1 W /1,n\T/in 2

which in turn results 1n
Vu 2/ g2 Vx \2
T)n o \e). . tlen
l,h CT, l,h CY; 1

k+l 5

14 1_5-_1_ M2 { k’fl aér)l hE G}_l)l,h ) ]}

(ES)

In like menner, equation (E4) can be expressed as

Vu )2 v \2 Vx,2\2 (Vx \2  ktl T2 (T2
= - + —] = = = (E6)
U a v a 2 Ty \T%
2,h Ve 1 .n % e/ h
The work equation can be expressed in the form
Tl

k-1d Tl [-3)

which in combination with equation (B4) yields

oo @ [w,- @ e

When equations (B16) and (E8) are substituted for the temperature-ratio
factors, equation (E6) becomes

Cﬁ)g (U )2 . (Vx,z)z (Vx )2
U al V. al
z’h CT l,h X,l cr 1
2
M [k (U)z KV_I_I) ] (V_u)
1+ 2L = &r/1,0\C /i,n  \Y/2,n
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Equation (E9) cen be solved for

L2 g k1/U\2 [Ty Va T\ (Vu)?
& S ORI

) 2,h
al

(E10)

where the factor (Vy/al. i is found by solving equation (E5) for

U 2
(e - BB Ol [y
er’1 1+ Y/1n er/1,h
(E11)
Thus, equation (E10) embodies the specification of equation (E2).

The equation for isentropic annular area ratio (eq. (C13)) once more
applies and can be written as

L
L k1 (Vx >2 k-l l:(&) ) T (_U_)z ot
(f}_@) _ Vx,l k+1 agr 1 k+l, U/ agr 1
i1/ e Lkl (Vx,zz)z (Vx,l )2 k-1 li(v_u) 3 : (_U__ ‘
k+1l Vx,l agr’z k1l \U /5 a'c;r> m
(B12)

which is, by equations (B4) and (C10)
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) sl _BE L0l 17
R TR ORI
(213)

By equations {B6), (B7), (B15), (Cl5), and (C16), this last equation (E13)
is written in terms of hub velocities

)

1
1
e (V,) @2 (*-U
= vx’l U ’h a(':r lyh :
7 _ 2
%2 1541 (U] Vu Vx,2 Vx
S Y AT, + U -2\ ar.
cr/1,h 1,h z,h 2,h cr 1

(E14)

From a consideration of the velocity diegram, the turning angle can
be expressed as

(), &) (D), ,-2|2)
- |\U /1,0 "7 [\eér/1 0 -y [\U/2,h "\adr/1n
MPp =Bz, nP1,n= -cot '

-cot

Vx Vx,z Vx
aap 1 V. a' 1

x,1 c

(E15)

The stage-work parameter of equation (El) is expressed in terms of
blade-tip velocity as

_gg%h' - l:(‘%>l,h ) C%)Z,l;' @%)2 (18)
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Derivation of equation for entrance weight-flow parameter (fig. 3). -
The entrance welght-flow parameter is defined as

A W
= EL7
"1 AF( p'a r) 1 (E17)
where
v = (pAV,)q p (E18)

Combination of equations (ELl7) and (E18) yields

Y@ @@

which by means of equations (B2) and (B18) becomes

=
s-fom 26 @6, e

(E20)

Equations (B6), (B7), (C16), and (C17) yield the final form of equa-
tion (E20) as

1

A k-1 [(Vx\2 . (Vu)? g2 2]\ v h\2

eVt ey Y\ B T ) |\
er/ 1,h cr/1,h ex/ 1 t

(B21)

where the factor (v /acr . 1s solved from equation (E11). Equa-
tion (B21) is plotted in figure 3.
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APFENDIX F

DERIVATION (OF EQUATIONS FOR I.0OSS FACTOR OF FIGURE 4
General Relations

Loss through a turbine stage as a consequence of nonisentropic flow
is shown by equation {Cll) to be contained in the stage relative
stagnation-pressure ratio (P'J'_/P"c'l)m' This factor can be expressed in

terms of the entropy increase across the stage by

n

R P2
As = -3 1n (F{) (¥1)
m

in view of equation (Cl0) at temperature level Tﬁ,m‘ If isentropic

expansion of flow through the turbine stage is assumed, an ideal exit
stagnation pressure Pé,i corresponding to the actual exit stagnation

temperature would be realized instead of the actual exit stagnation pres-
sure p). The same increase in entropy as shown in equation (F1) can be

calculated as

t
P2

Ns = -fT_* In (F2)
2,1
at temperature level T). Equating equations (F1) and (F2) yields
D2 )
(5. =72z o
m 2,1
Also
" Jas
(5%) =eF (F4)
P
2 m
by equation (F1).
The actual annular area ratio is thus
JAs
2 e P§) e R (F5)
RECRC N el
A A\

m
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because the product of the second and third factors on the right side is

unity (see eq. (F4)). By the definition of isentropic annular aree ratio
{eq. (C12)), equation (FS5) becomes

A (A2 %‘g |
- (%)° e

=]

The actugl drop in enthalpy across a turbine stage per pound of gas
flow is

-Ah' = cp (TL - T2) (F7)

which in terms of the i1deal exit stagnation pressure from the stage is

D! k;}
ot = et |1 - (28 (¥o)
1

upon application of equation (B2). Equation (F7) can also be expressed
in terms of the actual stagnation-pressure ratio as

k-1

Po\ k
N L cPT]'_T] 1- (P—,) (79)
1

in which 1 1is the adiabatic efficiency.

Determination of IL.oss Factor for Use with Chart I and Tdble I

Because chart I and teble I are presented in terms of the exit stag-
nation thermodynamic state relative to the stator, an exit-stage-enthalpy
parameter is defined for use with this chart and table. This parameter
is -gdAh'/Th. Equation (F9) can be modified to read

k=17,
2\ & |1
-Ah' = cPTéq 1 - QgT) Ll (¥10)
1 2
The ratio Ti/Té can be solved from equation (F7) as
Ty k-1 -gJah'
—_ =1 4 — (F:Ll)
T} kgR T

2
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With the substitution of equation (F1l) into (¥10),

k-1

PINE :

-gJAh' _ keR 2\k k-1 -gJah'

e - agh -(;r> (1 + == -g—T;—> (F12)
2 1 kgR Tp

which expression can be solved for

k-1
; X 1= k-1 1l-n -gJAh!’
P kgR 1 T
(;F) = 2 (F13)
1 14 KL el
kgR Ty

In the same menner that equation (¥F8) was cbtained from equa-
tion (F7), expression (F7) can be written

-1
PI\k
-Ah' = c_T! -1
p2 (p' )
2,1
which is easily altered to
k1 kel
-gith'  kgR |fPi\E [ P2\ K
= e |\oT - -1 (F14)
2 2 2,1
Equation (F14) becomes expanded to
L, kel cgmwt kol JAs
"gJAh' = kgR keR Té e k R -1 (Fls)
T k-1 ; _ kel 1-n -gion
kgR 1 T!

2

upon insertion of equations (¥F3), (F4), and (F13). Finally, equation (F15)
is solved for the loss factor:

Jos .k
R _ k-1 1-1 -gJAh') k-1
e = (1 - 3 TR ) (Fise)
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The relation expressed by equation (F16) is plotted in figure 4(a) for
a range of adiabatic efficiencies from 0.75 to 1.00.

The actual annular area ratio is calculated from equation (FG) with
the value of the loss factor obtained from figure 4(a).

Determination of I.oss Factor for Use With
Chart IT and Table II

Since chart IT and table II are presented in terms of the entrance
stagnation state relative to the stator, an entrance stage-enthalpy
parameter -gJAh'/T! is defined for use in the determination of the loss

factor. This paremeter is assembled from equation (¥8) as

k-1 , k-1
- ' k k
gth' _ keR 1-(93} (:_2) (F17)

1 2 1

k R
k-1 J°
across the stage can be calculated from equation (F9), in which the
adiebatlic efficlency is defined:

from the relation Cp = The actual stagnation-pressure ratio

k

P2 _ (k11 ‘gJAh'> . (F18)
T KR

Insertion of equation (F18) into (F17) yields

gIoh' ker | o 22 k-1 1 -gJah')
) _ TR k11
T =1 |-e ( kR n T ) (F19)

with the aid of equations (F3) and (F4). This last expression is finally
solved for the loss factor: T

X
Jns -giah'  kegr |k-T
— T' - —
e R _ I (F20)
1 /-gJAh') — keR
T k-1
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The relation expressed by equation (F20) is plotted in figure 4(b)
for a range of adiabatic efficiencies from 0.75 to 1.00.
The actual annular area ratio is calculated from equation (FG) with
the value of loss factor obtained from figure 4(b).
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Figure 1. - Typlcal velocity diagram applicable to
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